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Abstract

The separability theory of Hamiltonian systems on Riemannian manifolds is
reviewed and developed. Particular attention is paid to the systems generated
by the so-called special conformal Killing tensors, i.e. Benenti systems. Then,
infinitely many new classes of separable systems are constructed by appropriate
deformations of Benenti class systems.

PACS numbers: 02.30.1k, 02.40.—k, 45.20.Jj

1. Introduction

The separation of variables for solving by quadratures the Hamilton—Jacobi (HJ) equations
of related Liouville integrable dynamic systems with quadratic in momenta first integrals has
a long history as a part of analytical mechanics. There are some milestones of that theory.
First, in 1891 Stickel initiated a programme of classification of separable systems presenting
conditions for separability of the HJ equations in orthogonal coordinates [1-3]. Then, in 1904
Levi-Civita found a test for the separability of a Hamiltonian dynamics in a given system of
canonical coordinates [4]. The next was Eisenhart [5, 6], who in 1934 inserted the separability
theory in the context of Riemannian geometry, making it coordinate free and introducing the
crucial objects of the theory, i.e. the Killing tensors. This approach was then developed by
Woodhouse [7], Klanins [8, 9] and others. Finally, in 1992, Benenti [10-12] constructed a
particular but very important subclass of separable systems, based on the so-called special
conformal Killing tensors.

The first constructive theory of separated coordinates for dynamic systems was proposed
by Sklyanin [13]. He adopted the method of Lax representation for systematic derivation
of separated coordinates. In that approach involutive functions appear as coefficients of the
characteristic equation (spectral curve) of the Lax matrix. The method was successfully
applied to separation of variables for many integrable systems [13—17].

Recently, a modern geometric theory of separability on bi-Poisson manifolds has been
constructed [18-25]. Obviously, it contains as a special case the Liouville integrable systems
with all constants of motion being quadratic in momenta functions.
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In this paper we construct in a systematic way a separability theory of a large class of
Liouville integrable systems on Riemannian manifolds, including as a special case the Benenti
class of systems. More importantly, infinitely many new classes of separable systems are
constructed from appropriate deformations of the Benenti class of systems. In that sense
we demonstrate the crucial role of this particular class in the separability theory of dynamic
systems on Riemannian manifolds.

The organization of the paper is as follows. In section 2 we sketch the separability theory of
Hamiltonian systems on wN manifolds, which has been recently constructed. Section 3 deals
with a special case of separable systems, i.e. the so-called Benenti systems. We re-examine
this class of systems systematically as it plays a crucial role in a separability theory on
Riemannian manifolds and is of special importance for the theory developed in this paper.
In section 4, we construct the simplest new classes of separable systems being the so-called
one-hole deformations of the Benenti class. In this example we explain the main ideas of
our approach as well as the methods of systematic construction of separable potentials and
quasi-bi-Hamiltonian representations. In section 5, we develop the approach to the case of
arbitrary k-hole deformations of the Benenti class of systems, constructing a complete theory
of separable systems on Riemannian manifolds with separation conditions of polynomial type.
Finally, in section 6, we illustrate our theory by a few simple examples.

2. Separable systems on w N manifolds

Given a manifold M of dim M = m, a Poisson operator w on M is a bivector 7 € A*(M)
with vanishing Schouten bracket:

[7,7]s =0. 2.1
In a local coordinate system (x', ..., x™) we have
20 9
T = T — A —, 2.2
; dxt  IxJ 2.2)

while the Poisson property (2.1) takes the form

. . . . . 0
> @l o+ atomt + xM oty =0, 3 (2.3)

= ax! .
1
Poisson tensor 7, considered as the mapping 7 : T*M — T M, induces a bracket on the
space C*°(M) of all smooth real-valued functions on M

{.,.)r : C¥M) x C(M) — C®(M), {F, G}, & (dF, 7 dG) = n(dF,dG), (2.4)

(where (., .) is the dual map between 7'M and 7* M) which is skew-symmetric and satisfies
the Jacobi identity. It is called a Poisson bracket.

A linear combination 7z = m; + &my (§ € R) of two Poisson operators my and m; is
called a Poisson pencil if the operator 7z is Poisson for any value of the parameter &, i.e.
when [y, m1]s = 0. In this case we say that o and 7} are compatible.

Assume that ¢ is a Poisson pencil on M and that Poisson tensor 7 is nondegenerate.
Hence, M is endowed with two 2-forms wy, w; [27] defined by

{F, G}y, = wi(XF, Xi), XFp = modF, i=0,1. (2.5)
From (2.5) it follows that wy = m; I w] = womiwy and thus wy is closed. Moreover, one

can construct the tensor field N := mym, ' = 7w, of the type (1, 1), called a recursion
operator of M and its dual N* = wym;. Note that

NT[O:TL’], N*Cz)()za)]. (26)
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The important property of N is that its Nijenhuis torsion vanishes as a consequence of the
compatibility between 7y and 77| and hence implies that @, is also closed [28]. Such manifolds
are known as the so-called w N manifolds. The generic case means that 2n-dimensional
wN manifold is endowed with a recursion operator N which has at every point n distinct
double eigenvalues A1, ..., A,, which are functionally independent of M. Choosing A; as the
canonical position coordinates, we can always supplement a set of local coordinates (A;, i;)
on M by the canonically conjugate momenta ;.

Definition 1. A set of local coordinates (A;, jt;) on wN manifold M is called a set of
Darboux—Nijenhuis (DN) coordinates if they are canonical with respect to my and diagonalize
the recursion operator, whose diagonal elements are its eigenvalues.

It means that in the (A, n) coordinates

_ O In _ 0 An _ Al’l 0
”0_(—1n 0>, m—(_An 0)’ N—<0 An>’ 2.7)

where A, = diag(Ay, ..., X,), and their differentials span an eigenspace of N* (the adjoint
of N), as

N*d)\,‘=)xid)x,‘, N*dlL,’=)L,'dpLi, i=1,...,l’l. (28)

As is well known, n functionally independent Hamiltonian functions H;,i = 1,...,n

are said to be separable in the canonical coordinates (X, ) if there are n relations, called the
separation conditions (Sklyanin [13]), of the form

. dg;
GO i Hy o H) =0, i=1,....n  det| 2|40, (2.9
0H;

which guarantee the solvability of the appropriate Hamilton—Jacobi equations and involutivity
of H;. An important special case, when all separation relations (2.9) are affine in H;, is given
by the set of equations

D O m)He= iy i), i=1,.n, (2.10)

k=1

where ¢>f and ; are arbitrary smooth functions of their arguments. Equations (2.10) are
called the Stdckel separation conditions and the related dynamic systems are called the Stickel
separable ones.

Theorem 2 [25]. Let M be a generic wN manifold and let (Hy, ..., H,) be a set of
n functionally independent Hamiltonians on M, separable in DN coordinates. Then, the
subspace spanned by (dHy, ...,dH,) is invariant with respect to N*, i.e. there exist some
functions a;; such that

N*dH; =) a;j dH;. i=1,...,n. 2.11)
j=1

Hence, the distribution defined by (Hi, ..., H,), spanned by the Hamiltonian vector fields
Xy, is invariant with respect to N.

Formula (2.11) can be written in the equivalent form
de,»:ZaijnodH», i=1,....n, (2.12)

j=1
which will be called a quasi-bi-Hamiltonian representation of separable dynamics.
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Theorem 3 [25]. An n-tuple (Hy, ..., H,) of separable functions on wN manifold M is
Stickel separable iff additionally to the condition (2.11) we have

N*dayj =Y e oy, ij=1,...,n. (2.13)
k=1

For the majority of known Stickel integrable systems v;(A;, u;) = ¥ (A;, u;) and
¢f‘ (Aiy i) = ¢k (Ai, 1), and then, the separation conditions (2.10) can be presented in a
compact form as n copies of the so-called separation curve

n
D oFE wH =Y. . Ew)=Gip),  i=1l.n (2.14)
k=1
For the uniqueness of the representation (2.14) we have chosen the normalization condition
¢"(E, ) =1
In this paper we restrict to a special but important class of systems where the function
¥ (£, ) is quadratic in momenta x and multipliers ¢* (&, i) are monomials with respect to &

H\E™ +- -+ HE™ = 3 e +y(©), my=0<m,_y < <meN, (215

where f (&), and y(¢) are Laurent polynomials of £. Separable systems from this class are
dynamic systems on Riemannian manifolds.

Denoting by E; the Hamiltonians of the geodesic case, i.e. the case with y(§) = 0, and
solving the system of separation conditions

E1$m1+,,'+En§mn =%f(§)“‘2’ (S’M)z()\'i’/l‘i)a i=1""’n

with respect to E;, one gets the original Stickel representation [1-3]
1 n
E, = — N2, 2.16
3 ;:l ()it (2.16)

for separable geodesic Hamiltonians, where a nonsingular matrix ¢ = (cp,’( ()\k)) is called the
Stickel matrix.

Eisenhart [5, 6] gave a coordinate-free representation for Stickel geodesic motion
introducing a special family of Killing tensors. Let (Q, g) be a Riemannian (pseudo-
Riemannian) manifold with covariant metric tensor g and local coordinates ¢!, ..., ¢".
Moreover, let G := g~' be the contravariant metric tensor satisfying »_, g;;G/* = &}
As known, a (2, 0)-type tensor A = (A") is called a Killing tensor with respect to G if
{Z Alpp s E}m) = 0. Eisenhart proved [5, 6] that the geodesic Hamiltonians can be
transformed into the Stdckel form (2.16) if the contravariant metric tensor G has (n — 1)
independent commuting contravariant Killing tensors A, of second order such that

1, 1 y 1 & y
— = _ p . — — ip. .
Er=oplAp=; ;A, pivj =5 i;(KrG)fp,p,, 2.17)
where K, = A, g are (1, 1)-type Killing tensors.
From now on, separated canonical coordinates will be denoted by (X, ;) and natural
canonical coordinates by (g, p). For n degrees of freedom n Stickel Hamiltonian functions

are given in the form
H, = 3p"K,Gp+V,(q), r=1,....n, (2.18)

where V,(q) are appropriate separable potentials.
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3. Systems of Benenti type

3.1. Separable geodesics

Among all Stickel systems a particularly important subclass consists of these considered by
Benenti [10-12] and constructed with the help of the so-called conformal Killing tensor. Let
L= (L’]) be a second-order mixed-type tensor on Q and let L : M — R be a function on M

defined as L = § S i(LG)Y pipj. If
{L,E},, =«E, where « = {e, E},,, & =Tr(L), 3.1)

then L is called a conformal Killing tensor with the associated potential ¢ = Tr(L). If we
assume additionally that L has simple eigenvalues and its Nijenhuis torsion vanishes, then L
is called a special conformal Killing tensor [29].

For the Riemannian manifold (Q, g, L), geodesic flow has n constants of motion of form
(2.17), where Killing tensors K, are constructed from L by the recursion formula

Kr+1 = LKr+prI’ Kl =1, (32)
and p, are coefficients of the characteristic polynomial of L
det(61 — L) =¢"+pi&" "+t pp. po=1. (3.3)

Hence, functions E, constitute a system of n constants of motion in involution with respect to
the Poisson structure . So, for a given metric tensor g, the existence of a special conformal
Killing tensor L is a sufficient condition for the geodesic flow on Q to be a Liouville integrable
Hamiltonian system with all constants of motion quadratic in momenta.

It turns out that with the tensor L we can (generically) associate a coordinate system on
QO in which the geodesic flows associated with all the functions E, separate. Namely, let

(A'(q), ..., X"(g)) be n distinct, functionally independent eigenvalues of L, i.e. solutions of
the characteristic equation det(§/ — L) = 0. Solving these relations with respect to ¢ we
get the transformation ¢' = «;(1),i = 1, ..., n. The remaining part of the transformation to

the separation coordinates can be obtained as a canonical transformation reconstructed from
the generating function W(p, A) = >_; pi;(X) in the standard way.

In the (A, i) coordinates the tensor L is diagonal L = diag(k‘, .., M) = A, the
geodesic Hamiltonians have the following form [18]:
0o, fi(A! )
———Z S0 a= [T @i-ib, (34)
oAl A .
k=1,...,n,k#i

where p,(A) are symmetric polynomials (Viéte polynomials) defined by (3.3) and f; are
arbitrary smooth functions of one real argument. From (3.4) it immediately follows that in
(A, n) variables the contravariant metric tensor G and all the Killing tensors K, are diagonal

fi)
A;

. . , apr
G = 81, (K,) = — =6t (3.5)

TN

Remark 4. When f; (A?) is a polynomial of order <n the Riemannian curvature tensor vanishes
and the metric is flat, if the order of f is equal n + 1 the metric is of constant Riemannian
curvature.

Separation conditions related to Hamiltonian functions (3.4) are as follows

E\)" '+ E;(W)' P+ + Ey = L i, i=1,....n. (3.6
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For fi(A) = f(\') equations (3.6) can be represented by n different copies (£, u) =
(A, wi),i =1, ..., n of some curve

Eig" + E§" o+ Ey = 5 fE)1° @37

called the separation curve of geodesic motion for Benenti class systems.

3.2. Quasi-bi-Hamiltonian chains

The special conformal Killing tensor L can be lifted from Q to a (1, 1)-type tensor on
M = T*Q where it takes the form

L 0 ;0
NZ( )’ Fi =g -

3
o -(p"L);. L*=1L"T. (3.8)

dq
The lifted (1, 1) tensor N is Niejhuis torsion free, like the L one, and is called a recursion
operator on M. An important property of N is that when it acts on the canonical Poisson
tensor 7 it produces another Poisson tensor

0 L
T = NTL’() = (—L* F) s (39)

compatible with the canonical one (actually 7, is compatible with N*m, for any integer k)
and M is the o N manifold. It is now possible to show that the geodesic Hamiltonians E,
satisfy on M = T*Q the set of relations [26]

mdE, = nodE,+1 — pyodE], E,..=0, r=1,...,n.

¢ L (3.10)
N*dE, = dE,.; — p, dE;, N*=ny'm = ( 0 ) ,
L
which are a particular case of the quasi-bi-Hamiltonian chain (2.12) [30]. Note that the
recursion relation (3.2) is immediately reconstructed from (3.10). Moreover, it is not difficult
to show that L is the special conformal Killing tensor for each metric G = L*G.
Let us denote by GO the flat contravariant metric, which in A coordinates takes the form

. 1 ..
GOy = —§ii, 3.11
(G™) A, (3.11)
ie. fi(A)) = 1,i = 1,...,n (3.5). It means that in the appropriate separation curve for
geodesic motion (3.7) f(§) = 1. Moreover, the metric tensor G, which generates the

separation curve (3.7) with f(&) in the form of Laurent polynomial, is constructed from
the metric G¥ in the following way: G = f(L)G©.
3.3. Separable potentials

What potentials can be added to geodesic Hamiltonians E, without destroying their
separability within the above schema? It turns out that there exists a sequence of separable

potentials V¥ k = 41, £2, ..., which can be added to the geodesic Hamiltonians E, such
that the new Hamiltonians
H.(q,p) = E-(q, p) + V" (@), r=1,....n, (3.12)

are in involution with respect to o and 7r; and are still separable in the same coordinates
(A, n). It means that H, follow the quasi-bi-Hamiltonian chain (3.10)

N*dH, = dH,., — p, dH], Hy =0, r=1,....n, (3.13)
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while for potentials we have

L*dV, = dV,,, — p,dV), r=1,...,n. (3.14)

Theorem 5. Potentials V™ given by the following recursion relation [19, 23, 31]:
Vr(m+1) — Vr(-e-ml) — oy Vl(m)’ (315)
and its inverse

yemh —yem _ Lelyem o o g (3.16)

n

are separable potentials.

Note that Vr(’") =8 pm,m=0,...,n—1, V,(”) = 0O, V,(fl) = %. Such notation
will be useful in the case of deformed Benenti systems.

Lemma 6. Nontrivial potentials V"~"*% and V=0 k = 1,2,... added to the geodesic

Hamiltonians E;,i = 1, ..., n transform the separation curve (3.7) to the form

H\E" "+ HE" 2 4+ Hy = S R +7 (), (3.17)
where y(£) = —E" 1k for potentials V"% and y (&) = —&* for potentials VP,
respectively.

Proof. Potentials V" = p, are coefficients of characteristic equation of the special conformal
Killing tensor L

E"+p1E" L4 p, =0, (3.18)
Then, we define V"% potentials by a generating equation
A e T A} (3.19)

Hence, adding equations (3.7) and (3.19), we get the separation curve (3.17). On the other
hand, recursion formula (3.15) is reconstructed as follows. From (3.19) we have

gy g 4y Y RE = 0, (3.20)
Elimination of £” via (3.18) leads to the form
%.n+k+l + (V2(n+k) — py Vl(n+k))§n_1 et (Vn(n+k) — on1 Vl(n+k))§ — o Vl(”+k> -0

U (3.21)
Vr(n+k+l) — V(n+k) - Vl(n+k).

r+l

For the inverse potentials the proof is similar. ]

4. One-hole deformation of Benenti systems

Separable systems on Riemannian manifolds considered by Benenti belong to an important
but very particular subclass of such systems. In this context, a question arises about the
classification of all separable systems on Riemannian manifolds, with n quadratic in momenta
constants of motion. The classification can be made with respect to the admissible forms of
Stickel separability conditions. The right-hand side of conditions (2.15) is always the same
for the class of systems considered

ths = L il + 700 = (W, ), @D
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so different classes of separable systems are described by different forms of the lhs of Stickel
conditions. In the simplest Benenti case, it is given by the following polynomial form:

lhs = Hi&" '+ HbE" 2+ + Hy, E=A A 4.2)

We will show that all other classes, given by some polynomial in A, are appropriate
deformations of the Benenti class.

First, let us define a one-hole deformation of the Benenti class. For fixed n and n;,
where 1 < n; < n + 1, consider the following separability condition:

H g0 D=1 4 Hog@ D=2 4 L f L = (), H, =0 4.3)
and the Benenti separability condition with the same i representation
HiE"™ + HoE" 2+ o+ Hy = Y (€. ). 4.4

Note that all Benenti systems are classified by different forms of ¥, i.e. by f; (M) and y; (A).
A missing monomial (a hole) in (4.3) is H,,&"*D="1. Using the characteristic equation of a
conformal Killing tensor L of the Benenti system (4.4)

"+ & 40 =0,

for elimination of £”, equation (4.3) can be transformed to the form

(Hy = ptHE"™ + -+ (Hy = paH) = Y5, 1) 4.5)
and hence, comparing it with (4.4) we find
H, = H,.1 — p,H\, r=1,....n, (4.6)
with the inverse
Ao=H-L"Hn, . r=0,....n, (€))
Pny—1

where Hy = 0, pp = 1.
Note, that formula (4.7) applies separately to the geodesic and the potential parts, i.e.
Pr

Er+1 =E, — —Enlfl, (4.8a)
pn.—l

~ Pr

Vr+1:Vr_—Vn1717 VZO,...,n. (48b)
Pni—1

4.1. Geodesic part

Let us first look at geodesic Hamiltonians

~ I 1
E, = Ep (pnl_lK,_l—p,_lKnl_l)p Gp, r=1,....,n+1. 4.9
Vll—l
Using the known relation for the Benenti chain p, I = K,,; — LK, we get
~ 1 r 1, I ;~ ~
E, = __Enl—l = - =P Knl—le =zP Gp = G =— Knl—lG (4.10)
10}1171 pnlfl 2 2 pn171
and
~ | 1 1 ;= ~
E,=—-p (Kanrfl - KnlflKr)G p=-p K.Gp
2 Pny—1 2
~ -1
= K, =K, — K,_1 K, (Kn,—1) - 4.11)

The E » functions are in involution because they fulfil Stickel separation conditions (2.10).
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4.2. Deformed potentials

Let us analyse the basic deformed potentials. The first potentials are the following. From

(4.8b) and the Benenti potentials we have V" = —§,_,,_, form <n+1,m % (n+1) —n,
and
Poeh-m _ Lot A Nl L T (4.12)
Pni—1 Pni—1

Note that \N/n(lm) =0form >n+1and \7,1(1””)*"1 =1

Lemma 7. Nontrivial basic potentials \N/r("”_”‘), V,("”‘) and Vr(_k), k= 1,2,... enter the
separation curve

HiE"+ Hog" ' 4 4 Hy = LR+ (), H, =0,  (413)
as ]/(%-) — _S(n+l)—nl, _€n+k’ _S_k‘

Proof. We will show the following generating equations for the potentials considered:

A L A TR A |} k=1,2,..., (4.14q)
A () P A1} k=1,2,..., (4.14b)
‘71(”“—"1)5" doep gLy '\7;:’;1_’“) =0. (4.14¢)
For the first two equations we have (m > n orm < 0)
EM Ve 4.4 VI =0, Vm =0
¢
§"+ V(o == p) 4 V) =0
¢
£ (75 = TN 4 (U = 0 T7) =0
¢

ém + V](Yn)én—l +o Vn(m) =0
which reveal the known deformation relations (4.8b)
~ ~ =~ P
Ve = YO GO ey GOy p_rlvn(l"i)l (4.15)
ny—
between nontrivial basic potentials from Benenti class and respective deformed potentials.
For the last case (4.14¢) we have

‘71(n+l—111)gn et g_-n+l—n1 et v('lﬂ—nl) =0,

n+l
¢
T (n+l1—ny) 7 (n+1—ny)
V. 1 Vv
n 2 n—1 n+l—n n+l _
£+ ‘7(n+l—nl)g tooet ‘7(n+1—n1)é L p o=y T
1 1 1
¢
E" 4 p & =0 = VDT = Pt
pnl—l
which is a special case of deformations (4.15) related to the trivial Benenti potential
V(n+l—nl) — _5”11 L |:|
p y—1-

Alternatively, the basic potentials V@ m > n+ 1 can be constructed recursively as in
the Benenti case.
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Lemma 8. The basic separable potentials Vr(’"), m > n+1 are given by the following recursion
relation:

‘7r(m+1) — Vr(Tl) _ Vr(n+1)‘71(m) _ ‘7r(n+l—n|)"7(m) (4.16)

ni+l°
where V"D~ and VD are given by (4.12).

Proof. The potentials \~/r(”+~1)‘”' enter the separation curve in the form (4.14c), while
the potentials VD, VW VD enter the separation curve in the form (4.14a) with
k =1,m—n, m+1—n. The recursion formula (4.16) is reconstructed as follows. Multiplying

equation (4.14a) for k = m — n by & we have
$m+l + Vl(m)%-nﬂ et Vn(ﬁ)lénﬂ—nl Foee ‘7(’”)%- —0.

n+l

Substituting £"*! from (4.14a) for k = 1 and "'~ from (4.14c) we get

m+1 (m) (n+1) (n+1)
5 +‘/1 (_‘/ln %‘n_..._‘/nnl )+
(m) (n+l—ny) (n+1—ny) (m)
+Vn]l(_vln n‘%‘"_..._‘/nnl ”')+...+an§_0‘

A comparison with the separation curve for the potential \N/r(”‘”) (equation (4.14a) with
k = m + 1 — n) reveals formula (4.16). ([l

Of course, from the construction, all Hamiltonian functions H, are in involution with
respect to .
4.3. Quasi-bi-Hamiltonian representation

Theorem 9. Hamiltonian functions H, fulfil the following quasi-bi-Hamiltonian chain:
dH,., = N*dH, +a, dH, + B, dH, .,

¢ 4.17)
modH sy = m dH, +a,modH | + B.todH , 41,

where a, = V("D g, = VrD-m

Proof. We use the property of the Benenti chain
dH,,, = N*dH, + V" dH,, (4.184a)

dprs1 = L*dp, + V" dpy, v =p, (4.18)
and recursion relations (4.7), (4.8b). Hence, we have

ths(4.17) = N*dH, + o, dH, + B, dH, .,

_ _ 1
— N*d<Hr1 o anll) + <,0r . Pr 1pn|>d<_ Hﬂ][)
Pni—1 Pni—1 Pni—1
+ Pr—1 (Hnl_ﬂHnll)
Pny—1 Pni—1

. 1
— N*dH,_, - LNt dH, - - prlelN*d< )

Pni—1 Pny—1
1 Pr—1 Or—1 H,
- [{nl—lj\ﬂ< dlor—l + dHn1 - Z—Hnl—l dpnl - Pr d o
Pn;—1 Pny—1 Pr—1 Pny—1
Hy, - Pr—1 1
der_prd( — ) —;—Hm,I dpl_—Hnlle*dprfl
Pni—1 Pr—1 Pny—1
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H)’l]*l Hnlfl *
=dH, — Pr d{—— ) ———W d,Or—l + 0r—1 dpl)

pnl—l ,0n|—1
H, H,
—dH, — ,0rd<—11> Il 4,
Pni—1 Pni—1
=d (H, - pLH,,]_l) = dH,.; = Ihs(4.17). O
n—1

Of course, formula (4.17) works separately for E » and % in the form
dE .1 = N*dE, + o, dE| + B, dE, .1, (4.19q)
AV = L*dV, + o, dVy + B, dV, 4. (4.19b)

In analogy to the Benenti case, components dp; of (4.19a) give us immediately the
analogue of the recursion formula (3.2) for the one-hole case

Kot = LK, +a,1 + B Ky 4. (4.20)

Let us introduce the L function as was done for the Benenti case: L = % pTL(N} p. Then, from
(4.20) we find

L=E,—aE —ﬁlgmﬂ (4.21)
and
(L. E\}n, ={E1, ar}m E1 +{E 1, BilnyEnii1 = KCE | + k" Epp 1. (4.22)

Thus, for G , L is not a conformal Killing tensor.

5. k-hole deformations of Benenti systems

5.1. Deformation procedure

Here we extend the results of the previous section to the general k-hole case. Let us start with
the separability condition

H\g MO 4 Hyg ™24t Hyg = Y (6, ), (5.1)
with k-holes in S("”‘)’E, go—m g ) oy <o < < n+kk €N, e
H, =H, =---= H, =0, and the separability condition for Benenti systems with the
same

H\E" + HE" 2+ 4+ Hy = Y (€, ). (5.2)

As for the basic potentials
§n+k + Vl(n+k)€:n—l PR Vn(n+k) =0,

substituting this relation into (5.1) for & =1 E" we get a deformation of the chain (5.1)
to the Benenti case (5.2)

~

Ho=H,p— VO DH vk, . _yOH r=1,...,n, (5.3)

where H n = = H », = 0.and V™ are appropriate basic Benenti potentials.
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Lemma 10. Deformation of the Benenti case (5.2) to the chain (5.1), i.e. the inverse formula
to (5.3) one, is given by the following determinant form:

Hr—k Pr—1 et Pr—k
Hnl—k Pni—1 " Pni—k
~ Hy—«  Pne—1 Pk
H, = X " e (5.4
Pni—1 Pk
pnk—l e pnk—k
Proof. First, we select from (5.3) k equations containing H His e H "
_ (n+k—1) 77 (n) 77
Hy ==V, "Hi—- =V, Hy,
_ (n+k—1) 77 n 5
Hy i __Vnk—k H\ _"'_Vnk—ka'
The solution with respect to Hii=1,... kis given by a determinant form
~ Wi .
Hl':—, 121,...,}1,
w
where
(n+k—1) (n) (n+k—1) (n)
' anfk anfk isi Hﬂl—k anfk anfk
+
W =(=1) e, W; = (= 1)k
(n+k—1) (n) (n+k—1) (n)
Vnk—k e Vnk—k Hy, —k Vnk—k e Vnk—k
. (n+k—i) (n+k—i)\T . . . . .
with the column (Vn_k v Vi ) missing in W;. Substituting this result to (5.3) we
get
~ H_ WV w e v w
H, = W
(n+k—1) (n)
e Vr(;fk—l) N V@k B pror e P
H”l*k an—k V”ll_k Hn]*k Pni—1  *° Pni—k
+k—1 (
_ Hy—k Vn(;:lfk b Vn:ik _ Hy—k Pn—1 "+ Pne—k
—1 - .
v vy Pu—1 “* Pni—k
(n+k—1) (n) _ e _
Vnk—k .. Vnk—k Pny—1 Py —k

The last step is valid due to the fact that Vi(") = p;, the form of the recursion formula for
Benenti basic potentials (3.15) and the properties of the determinants. It allows us to replace
the arbitrary potential V "+~ in the determinants by the V™ = p one. For each recursive
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step we have

k—i k—i—1 k—i—1
Vn(rljk & e pnlfk e Vn(:ljk.Hl ) - pnlfk V](n+ ' ) e pl’[lfk
k—i k—i—1 k—i—1
Vn(:ljk ) Co Pme—k . Vn(knjk+1l ) _ Ony—k Vl("+ i—1) One—i
(n+k—i—1)
V—ks1 T Pk
(n+k—i—1)
Vnk7k+1 o Pk
Formula (5.4) applies separately to the geodesic and the potential parts.
5.2. Deformed geodesic motion
Let us first look at n geodesic Hamiltonians E,, r=1,...,n+k,r #ny,...,n,. Then one
finds
Ei v pr—1 o Prek
- 1 EV . pr pr . Pny—1 o Pny—k
o= [T P T e = 53
Pm—1 ~ Pm—k
En;(—k /Onk—l e pnk—k " "

Using the known relations for a Benenti chain p,/ = K,;; — LK, and the property of

determinants we get

Kr—k Pr—1 e Pr—k Kr—k Kr o Kr—k+1
Er _ lpT Kn]—k Pni—1 o Pny—k le — lp’r Knl—k K”l te Knl—k+]
Knk—k Pne—1 *° Pny—k Knk—k Knk T Knk—k+l
Kr et Kr7k+1 Krfk
_ (_1)k%pT Knl Kn17k+1 Knlfk le
Knk e Knk—k+1 Knk—k
k17 k 1
=(-=1 7P (K; Do — K, 1Dy +---+(=1) Kr—ka);GP,
where
Km e Knl—i+1 Knl—i—l e Knl—k+1
D=\ - N i=0,...
K, - Ky—is1 Kpy—iz1 - Ky
and K, in determinant calculations are treated as symbols not matrices. Then,
= I 7~ ~ il
EIZE[) Gp — GZ(—I) ;D()G,
and

E,=1p"K,Gp = K, =K, —K..1D\Dy' +---+ (=K, Dy D",
where
Knlfl Knlfk
Dy=| --- |
Knkfl Knkfk

1
~Gp
2

(5.6)

 k

(5.7)

(5.8)

(5.9)
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Again we know from the construction that E, are in involution, as they fulfil separation
conditions (2.10).

5.3. Basic deformed potentials

From (5.4) the deformed potentials are

v« o e pe
v = ni—k  Pm—1 m—k| (5.10)
omy, ..., n ) | ...
VI Pt Puck
so using the recursion formula for the Benenti potentials and the properties of the determinants
we have V,('”) = =8 _kn-m-m<n+km#=m+k)—n;,i=1,...,k,
Pr—1 o Pr—k
~ P N T
Vr(n+k) ni _ (_1)l+1 _ ni ny (511)
pnkfl T pnkfk
with the row (,0,,,._1 e, pn‘._k) missing,
Pr Pr—1 o Pr—k
V(ka) — l Pny Pni—1  ° Pni—k (5 12)
r (;) ... .o ... PR
P Pr—1 = Pn—k
Note that Vn(‘_’”) = 0 for arbitrary m > n + k and \7,1(:1+k)_”f =680, j=1,...,k
As In the~0ne-hole case, one can show that the nontrivial basic potentials V,(""k’”f),
i=1,...,k, V,(”J'k’“l) and Vr(’]), [ =1,2,...fulfil the following generating equations:
én+k—l+l + Vl(”*'k_l'”)s(n“'k)_l + ..+ ‘7};1}:}(_1+l) = O, (513@)
sfl + Vl<*l>§("+k>*1 Feeet V;;If) =0, (5.13b)
%-n+k—n,- + Vl(n+k—m)%-(n+k)—l Tt Vn(fzk—ﬂi) =0, (5.13¢)
and hence enter the separation curve
Hig" 0™ Hyg" 02 b Hyy = S F G + (6. H, =0, (5.14)

as y(£) = =g _gntk=1+l ' _e~l wherei=1,...,k,1=1,2,....
Also as in the one-hole case, it is not difficult to show that basic potentials Vr(’"),
m > n + k can be constructed recursively by the following recursion relation:

k
‘“’/r(m+1) _ vr(:nl) _ vr(n+k) Vl(m) _ Z ‘N/r(n+k7n,-)v(m) (5.15)

ni+1°
i=1

where V=m0 i =1, kand V" are given by (5.11) and (5.12).
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5.4. Quasi-bi-Hamiltonian representation

Theorem 11. Hamiltonian functions H - belong to the following quasi-bi- Hamiltonian chain:
k
dH, = N*dH, + o) dH, + Y ol dH 0
i=1

¢ (5.16)

k
ﬂodﬁ,~+1 =T dﬁr +(X97T() dﬁ] + Z(Xf'?‘[() dﬁn,_'.l,
i=1
where o) = N‘N/r(”*k)_s. Of course formula (5.16) works separately for the geodesic
Hamiltonians E, and potentials V,.

The proof is inductive and we skip it as it involves too many technicalities.
As in the one-hole case (4.20), the components of dp; in (4.19a) give us the analogue of
formulae (3.2) for the k-hole case

k
K =LK, +aT+) o) Ky .. (5.17)

i=1

Then, from (5.17) we find that for function L = % pTLg p the following relation holds:
k
L=E,-a\E\ =) o) Epu, (5.18)
i=1

hence
k k
(L, Ei}n = {El, Of?}noEl + Z {El, Ol;”}ﬂoEan =«"E, + ZKniEn,+1~ (5.19)
i=1 i=1
So obviously, L is not a conformal Killing tensor for G given by (5.7).
Note, that although the number k can be arbitrary large, nevertheless, the maximal
number of nonvanishing terms o"d H,,,; in (5.16) is lower or equal to n. In fact, if n; and

ni4 are two successive numbers, i.e. n;4 = n; +1, then o' dH ;41 = ' dH ,,,, = 0, as from
construction H,,,,, = 0. Hence, for a string of successive numbers n; —s; +1, n; —s;+2, ..., n;,
only the term with n; is nonzero in formula (5.16), as

Hni—s;+1 = Hn,-—si+2 == Hn; =0.

Thus, assume that in the sequence
ﬁlé(iﬁk)—l + ﬁzg(n+k)—2 et Fln+k

we have [ strings of holes, where the ith string has s; holes and s + - - - +5; = k. Then, the
quasi-bi-Hamiltonian chain (5.16) takes the form

dH, = N*dH, +a dH | + " dH 41 + -+ dH 01, (5.20)
where ng = 0.
Remark 12. The systems considered in this paper, although obtained through the deformation
procedure on the level of Hamiltonian functions, are far from being trivial generalizations of

Benenti systems. There are no obvious relations between the solutions of a given Benenti
system and all its deformations. In each case we have a different inverse Jacobi problem to
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solve. Note, that the common feature of appropriate deformed systems is the same set of
separated coordinates, determined by the related Benenti system.

All systems considered in this paper can be lifted to a pure bi-Hamiltonian form on an
extended phase space. For the Benenti class it was done in [26] while for the other classes the
lift was constructed in [32].

6. Examples

6.1. Seventh-order stationary KdV

Let us consider the so-called first Newton representation of the seventh-order stationary flow

of the KdV hierarchy [33, 18]. It is a Lagrangian system of second-order Newton equations
q, =—10(¢"Y +4q* g} =—16q"q>+10(g")’ +44’

3 1.3 2,2 1\2 2 1,4 6.1)

q; = —20q q° —8(q")"+30(q )"q~ — 15(¢q")

with the corresponding Lagrangian
2
L=q'q] +3(a}) +44¢’ —10(¢"V’q’ — 84" (¢*)* +10(¢")’q* — 3(¢")’,

so that it can be cast in a Hamiltonian form. In fact, the above system is a separable system
from the Benenti class, where

Hy = pips + 3p3 +10(¢")2q” — 47> + 84" (¢*)* — 10(¢")’q* +3(¢')’
=E +Vi(q),
Hy=1¢°p3 — 34" p3 + 3a°paps — 3pip2 — 34" pips +2(¢')* (@D + 3(¢)*q?
-3 —2@*) + (@) - 64'q’¢’
= Ex+ Va(q),
Hy = 3(@*)?p3 +3(q" )V’ py+ 401 + 14" pip2+ 394°P1p3 — 34" 4° p2pa
—34°pp3s =3’ @ +4' @ + 1@ " +24" (@)
+2(g)'e* + @d — @)’
= E3+ V3(q),

with the corresponding operators 77y and

0 0 0 qg" -1 0

0 0 0 q> 0 -1

0 L1 1 0 0 0 24> ¢* 4!
=\l 0y) =5 =" - —24% 0

3 3 q q q P2 D3

1 0 —qz —-p2 0 0

0 1 —q1 —-ps 0 0

From the form of H, one can directly see that the inverse metric tensor G and the conformal
Killing tensor L, expressed in (g, p) variables, have the form

0 0 1 | g' -1 0
G=|0 1 0], L=-|4¢> 0 -1},

2 32 1

1 00 2¢° q° q
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and hence K1 =1, A =G,

1 —q' -1 0 | q° q' 1
Kr=5|a’ -2 -1/, Ky=7|-a'a’ -2’ (q")? q'|.
29°  ¢* -4 (@*)? —q4'9>=2¢° ¢°
| 0 1 q' X 1 q' pe
A= -1 24" ¢, As=7|d! (¢")? -q'q* —2¢°
-¢' ¢ 2 @ —4'q> =24 (q*)?
The quasi-bi-Hamiltonian chain is given by (3.13) with r = 1, 2, 3, where
pr=—q' P2 =30 + 347, P =—-%34"¢" - 34’
The transformation (A, ) — (g, p) is constructed from the relations
g' = a2+l %(q1)2+%q2=k1k2+)\1k3+k2)\3, %q1q2+%q3=)\1)\,2)\.3,
(the explicit formulae are given in [18]) and the separation curve for H; is
H\&* + Hyf + Hy = pu” + 16§ (6.2)

Two-hole deformation.

There are three admissible cases of two-hole deformation: (ny = 2,n, = 4), (n; = 2,
ny = 3) and (n; = 3,n, = 4). Here we present the first case. The deformed Hamiltonians
are the following:

~ 1 1 o~ ~ ~
H1=7H2=—pTGp+V], H2=O’
P1P2 — P3 2
~ — p? 1 .~ ~ ~
H3=H|+MH2=—pTA3p+V3, H4=0, (63)
P1P2 — P3 2
~ 1 ~ ~
Hs=Hi+ —22 _p,— ~p"Asp + Vs,
P1P2 — P3 2
where
0 1 !
T ~ 1 2 11 1 2
AIZG:IOIO_IOKIKZG: 3 n 1 iq —q ,
102 3 971 — 49192+t 43 ql _qz _%q,z
~ ~ 1 2 ~ e 1 2
Ay=0, Ay=—K)(Ks—K})G,  A;=0, As=—K:K;iG,
P12 — 03 P1P2 = P3
~ 4 ~ - 20, — 3 2
V=—— W, V, =0, Vi=v+ —2_ 2y,
93 — 4192 — 4 q3 — 4192 — 4
~ ~ +
¥, —o. Ve = Vst 91(q192 CI3)3 V.
q3 — 4192 — 4
The quasi-bi-Hamiltonian chain takes the form
dH, = N*dH, +a’dH, + «>dH3 + o dHss, r=1,...,5,
_ 2 _ _
oz? — o + Pr—20203 /Or—1,02, Ofrz _ Lr—102 /Or—2,03, af _ Pr—2P1 — Pr—1 '
P1P2 — P3 P1P2 — P3 P1P2 — P3
(6.4)

The respective separation curve is
H\&* + Hy&% + Hs = 12 + 1687 (6.5)
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7. Summary

We have considered a geometric separability theory of Liouville integrable systems with n
quadratic in momenta constants of motion

Hi(q.p) =30 Ai@p+Vil@).  i=1...n (7.1)
and with separation curves of the polynomial type
H\E™ 4 HE™ = 5 f (&) +y (), my, =0<my_y <---<m €N, (71.2)

where f(&) and y (&) are Laurent polynomials of §&. The main result of the paper is the
systematic construction of new separable Stickel systems given by Hamiltonian functions (7.1)
and separation curves (7.2), by appropriate deformations of Benenti systems characterized by
a separation curves in the form

Hlsn—l + H2én_2 + .-+ 11’Z = %f(g),uz + )/(f)

The most fundamental and surprising result of this paper can be formulated in the following
way. If, for a given canonical coordinate system (g;, p;),i = 1,...,n, we have a pair of
objects, i.e. contravariant metric tensor G and related special conformal Killing tensor L,
then we can construct systematically, in these coordinates, infinitely many different Liouville
integrable and separable Hamiltonian systems (7.1) with respective separation curves of the
form (7.2) and with explicit form of transformation to separated coordinates. Observe that
according to what was said in section 4, the separation curve of geodesic motion for G© is
the following:

E\§" "+ E¢" 4.+ E, = 1p’ (7.3)

So, the passage from system (7.3) to systems (7.2) is constructive and determined completely
by the pair (G©, L).
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